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ABSTRACT 

A moment analysis of the epilibrium adsorption model is develop&. 

The tools deveioged in  this  paper are dependent only on a knowledge of the 

system transport and thermodynamic parameters and on the Laplace transform 
of the system equations. 
appearance of chromtograms for the equilibrium model and for i ts  spread. 

!W applicabili ty of this method t o  the non-equilibrium m o d e l  is discussed . 
The work is  aimed at design of ckramatographs, but most direct ly  a t  the 

design of a chromatograph f o r  a M a r s  Voyager. 

Correlations are develosd t o  predict the t i m e  of 

vi 
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PART I 
INTROLgCTION 

One important phase of the initial Voyager missions t o  Mazs is 
the search f o r  organic matter and l iv ing  organism. on the martian surface. 
!Fbe present concept 
samples of the atmosphere ana surface matter  t o  cer ta in  c 

logically-related reactions a d  thereafter analyzing the products produced. 

The most likely system for a general chemical analysis appears t o  be a 
combination gas chromatograph/mass spectrometer. This unit would be a 
major component i n  the biological and chemical laboratory of an urmumed, 

remotely controlled r o v b g  lander fo r  Man.  

Chromatographic Systems Analysis program t o  generate f’undamental engineer- 

ing design techniqdes and system concepts for  use i n  optimizing the 

design of such a chromatograph separation system. 
pruvide maximum resolution with mininilun.retention tims and minimum 

carrier gas usage, and should be capable of separating components evolving 

f o r  attaining t h i s  objective consists of subjecting 

It is the objective of the 

Such a system should 

from many different kinds of eqeriments. 

- Because of the var i ty  of m i x t u r e s  t o  be separated and the com- 

plexity of the fractionating process, a system analysis based on the math- 
ematical simulation of the chromatograph is being under taken. 

nique w i l l  use mathematical mohls, which t r i l l  incorporate f’undamental 

parameters evaluated from reported expriments and analyses, t o  explore 
various concepts and t o  direct  f’urther expsrimental research. 

The tech- 
‘ 

J 
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Due t o  the lack-of an available mathematjcal solution t o  the non- 

equilibrium diffusion equations, several approaches have been used t o  describe 

chromatographic systems. Height of theoret ical  plate theories are widely 

used i n  the f i e l d  (4); hawever they are analysis tools rather t ha t  design 

criteria. 
s y s t e m  equations. The first order, non-diffusional model, fails t o  adequately 

characterize spreading (ll) . 
this paper. 

for very long columns, the purpose here is not t o  propose it as an approxim- 
ation, but rather t o  use it t o  develop tools which w i l l  be applied t o  the 

non-equilibrium case. 

Approxima"cions have also'been made t o  allow solution of the 

The 'equilibrium adsorption model is studied i n  

However, although it i s  a reasonable approximation t o  r e a l i t y  

The "tools" are the methods of moment analysBs. They are developed 
with the intention of designing chromatographic systems rather than analyzing 

them, as has been the case i n  previous vork (5,").  
approach requires a knowledge only of the system parameters and the Laplace 

transform solution of the system equations. Since the transform solution 

is available for  both the equilibrium and non-equilibrium diffusion models, 

the methods developed i n  t h i s  paper may be applicable t o  the actual chro- 

matographic systems. 

The moment analysis 

- 
The first moment about the origin, 0, calculates the time of appear- 

a,nce of the mean or  center of gravity of the chromatogram. 

of the second (p2) and third (p ) moments about th i s  mean, a correlation 

is developed such that the appzimmce of the maximum i n  the time domain can 
be calculated as a function of the system parameters. The variance, p2, 

allows one t o  determine a characterist ic Spead about the mode (maximum) 

on the tirne scale within which one can exgect t o  f ind  at least 9@ of the 

area of the chromatogram. 

system equations it a p p a r s  possible t o  predict when a chromatogram of a 

'substance w i l l  appear i n  the time domain,and t o  characterize its shap by 

the'skewness of the maximum from the mean and by the spreading of the curve 

about t h i s  maximum. These results if  obtained far the non-equilibrium case 

will aid preliminary design f o r  an optimum chromatograph fo r  a Mars Voyage. 

By a knowledge 

3 

Thus through a knovledge of the moments of the  chromatographic 
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PART I11 
BACKGROUND 

!Be concern of sc ien t i s t s  and engineers involved i n  chromatographic 

work has been and s t i l l  remains the solution i n  the tW domain of the 

diffusion controlled non-egpilibrium model eqyations . The equations expressed 

i n  dimensionless form are: 

y. = m XL 

They have not been solved i n  convenient form. 

given a solution i n  the form of integrzls of Green's functions, and it requires 
numerical in-f;egration. 

be given more attention. 

Lapidus and Amundson (8) have 

With the extended use of computers th i s  solution may 

A t  this t i n e  the majority of the work has been done under a philos- 

The workers have been interested i n  ophy different f romthat  of th i s  task. 

optimization of existing columns, that is, analysis on how t o  improve per- 

formance of e q u i p n t ,  and i n  determining value f o r  the various ra te  constants. 
Theories such as those concerning theoretical  plate height (HETP), and random 

walk models (4) becm- the objects of concern. 

' When the Chromtographic Systems Analysis was undertaken, it w a s  

> 

decided that a new approach was necessarr because the emphasis w a s  t o  be on 

design of systems. 

behavior of any column given the characterist ics of the substances t o  be sep- 

mated. 

I n  this  approach it was  desired t o  predict the t i m e  domain 

This could a l low the design of an "optimum" column for  a Mars voyage. 

I n i t i a l  work was concerned w i t h  examining the su i t ab i l i t y  of using 

a non-diff'usional first order model (11). 

the term 
It was assmd that i n  Equation 1 

was very small, that is, the e f fec t  of longitudin& diff'usion was  negligible 



as compared t o  the bulk f l m r  transport. 

t&Ly that this  model i d s  inadequate t o  descibe an actual chromatogram.(ll) 

Figure 1. shars an e x p e r k n t a l  curve and the prediction of’the first order 

m o d e l .  
extra spreading of the actual  curve. 
was finite rather that zero as assutned by the use of a Dirac delta f’unctio,rl 

for input. The second factor wzts assumed 
t o  be the f ac t  that  longitudinal. diff’usion does indeed have a significant 

effect upon mass transport. 

However, it vas determined experima- 

It was  decided that there might be two contributing factors t o  the 
One was the f a c t  that injecbion time -c 

This was examined by 3imun (6). 

Thus it vas decided that ”. a diffusion model  should be examined. The 
work in this area in  recent years had been i n  &-;elo2ing the use of statist- 

ical t im moEnts t o  analyze chromtographic systems (5,7,16). 
the moments vere again used i n  analyzing chromatograms rather  .than i n  pre- 

dicting their tim! behavior, the real design problem. Nevertheless, it 
appeared that the moments technique m i g h t  be applicable t o  t h i s  design problem, 

an approach which was unique. This task, then, was  concerned w i t h  developing 

the moments as a semiquantitative too l  for use i n  the &sign of chromatographic 

systems. 

However, 

_. 
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. A. Equilibrium Adsorbtion Model: 
I n  order t o  be able t o  develop the tools  t o  be used i n  a moment 

analysis, it was necessary t o  have a chromtdgraphic model which exhibited 

characterist ics similar t o  those of an actual  chromztograph. 
the solution of the non-equilibrium diffusion model would have been avail- 

able, it would have served as a tes t ing medium. However, a t  the time t h i s  

task  began, it was not available i n  a usable form. 

Ideally if' 

'The choice of the equilibrium adsorFtion model w a s  made on the basis 

of i t s  approximation t o  a real chromatograph. It has a considerable mount 
of characterist ic skew and asymmetry, and actually fo r  very long co lm-s  is  

.a reasonably good approximation t o  r ea l i t y  (6) 
. The basis of the model can be seen if  w e  consider the case where the 

Equations 1, 2, adsorbed phase is dirays i n  equilibrium with the gas phase. 

and 3 reduce to: 

y = m x ~  

I 

Notice tha t  t h i s  can also be obtgined by l e t t i n g  NtoG becom inf in i te .  

Under t h i s  condition, y approaches the equilibrium value Yjc. This is true 
because a very long column allows the system t o  approach equilibrium 

conditions. 
It was  now necessary to solve the system equations so that chromato- 

grams could be obtained fo r  use i n  the analysis. The equation reqtlires three 

' boundary conditions fo r  i t s  solution. 

the val idi ty  of the conditions used, the ones chosen are those generally used 

Although there is  some question as t o  

i n  all chromatographic analysis, and are the ones tha t  w i l l  be applied t o  the 

non-equilibrium model (3,14): 

1. y(0,z) = 0 ; 'XL (0 , z )  = 0 
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The first states t h a t  at t i m e  equal to zero, only carrier gas is flowing i n  

the system , and no material is adsorbed on the substrate. 

the input takes the form of an impulse, although studies are a l so  being 

conducted t o  study the e f f ec t  of pulse injection, t ha t  is f i n i t e  injection 

tb.e (6). 

The second states 

The last is the questionable condition (3), but has been shown t o  

be 

t o  

BY 
t o  

realistic f o r  most practical  purposes (2). 

Using these boundary conditions one can obtain an analytic solution 

the system equations of the form (8): 

set t ing z = 1, tha t  is, considering the exit  of the column, one is  able 

generate t h e  domin "curves" f o r  the model. One i s  now prepared to 
undertake a moment analysis of the system. 

B. Moments: 

In order t o  carry out the analysis it is necessary t o  obtain the mo- 

The definit ions of the momnts-have appared elsewhere ments of the' system. 

(1,g). The mean is  defined as 

and represents the center of gravity of the th/composi t ion curve. 

succeeding moments are found by taking morents about t h i s  man: 

The 
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J 
In' both. cases the integral  

f'uXYlls the necessity of having the area under the curve equal unity, t ha t  

is, it normalizes the moxent. For this system the integraJ. is equal t o  A.  

The moments of in te res t  fo r  t h i s  paper are the mean, and the second 
and t h i rd  moments about the mean. 

The second moment about the =an, p2 , is comonly called the vari- 
2 ance, and i s  often designated as d . It measures the spreading or dis- 

persion about the rean, and may be computed e i ther  from Equation 6 or from 
the folloving: 

- - 
A I.'2 - 

. The th i rd  morent about tb mean, p3, 

it has been used as a qualitative measure of 

-2 8 

is generally 

how much the 

. from the mean. It may be calculated e i ther  from Equation 

called skew, a d  

curve is  skewed 

6 or f rom the 

following: 

The values of the various integrals in  Equations 5,7, and8 may be obtained 

direct ly  from tim&/composition data or by direct  integration of the solution 
t o  the mthematical model. Since the mathemtical models do not have simple 

' time domain solutions, it is 
integrals : 

more convenient t o  obtain values for the 

by means other than direct insertion Of values for  y. Fortunately it can be 

shown (7),  tha t  i f  one has t b  Laplace transform of the solution, Y ( s )  then: 

k dk yh(s1 
a s  y dQ = (-1) lim 

s- 0 
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Thus only the transformed solution is  necessary fIo obtain all needed infor- 

=tion for the moment analysis. 

both equilibrium and non-eCi,uilibrium diff'usion models. 
This transform solution i s  available for 
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PART V 
RESULTS AND DISCUSSION 

The purpose of the mownt analysis is t o  characterize appro-tely 

the location and s h a p  of a chromatographic curve, without using the timz 
domain solution, by having a knowledge of the system parameters, Pe, mRo, and 

chemical system and column (10). 

It has been s h m  tha t  these p a r a t e r s  are predictable fo r  any given NtoG 
Thus one has the necessary tools, along with 

the moments, t o  characterize the curves. Relating quantitatively these moments 

t o - t h e  time domain,however, i s  the major task. 
It w a s  shown i n  the previous section tha t  by the use of the Laplace 

transform solution of system equations one can obtain the moments necessary 
for analysis. 

one can determine exactly when the mean of the chromatographic curve w i l l  

appear. 

The f j r s t  is the mean a€‘ the function. With t h i s  moment 

For the equilibrium adsorption model the mean, g, is  given as 

The result is  significant i n  several. respects. F i r s t  it is a function of 

a predictable system paramzter, and secondly it i s  a flmction only of”the 

thermodynamic parameter, and indepndent of the difx-sion, 1/Pe. 

result was  a l so  noted by ?&cera (7). 

of the peak occurs, by use of the variance, 2, one should be able t o  

characterize the spreading of the curve. 
adsorption model i s  

This 

Now tha t  it is possible t o  determine whzre the center of gravity 

The variance f o r  the equilibrium 

Again the result i s  a 
calculated . However , 
more closely. Figure 

function of predictable p a r e t e r s ,  and is  e a s i l y  

at  t h i s  point it w a s  advantageous t o  examine the curves 

2. shuws the e f fec t  of Peclet number on the location 

of the maximm point and the s h a p  of the curve. 
mean, Equation 7 or 9, is used one would be characterizing curves whose 

If the variance about the 

rmximums occur at  d is t inc t ly  different points by dispersion about the S ~ I E  

point, the mean. It, therefore, a p p a r s  t ha t  it would be more characterist ic 
of the chromatogram i f  the spread could be taken about the maximum point, 





instead of the man. The vwiance or second moment can be taken about emaxj 
any point by the use of the moment integral, Equation 6. 
for e-, the result i n  terms of the spread about the mean is given as 

If th i s  is done 

2 = c$ 2 + (ea)2 
%lax 

where 

This would be the solution t o  the problem if  one could estimate 
e - emx. from the various moments. 

defined as skewness 
Pearson (13) suggested that the deviation 

a r  mean (G ) - mode (e;,) . 

1/2 
P 

Therefore if  one could calculate the a, it would be possible t o  determine 

the t b  of apparance of the maximum value of y. 

that for small skew 
It has been suggested (12) 

or using the relat ion between the standard deviation and the variance, p2, 

Rearrangement of Equation 10 yields 

where 



for  the equilibrium adso-x$tion model. 

t o  be val id  only f o r  small  degrees of skev. 

concept by s ta t ing 

This relation, hmrever, i s  expected 

Empirically, one can extend the 

where 

ShaGTs 

the Omctional relationship is determined exprimentally.  

a plot of A, calculated f o r  the equilibrium adsorbtion model with Pe. 
Figure 3 

Notice that fo r  values of Pe greater than 60 the l i n e a r  re la t ion represents 

the data extremely well; 

l inear  re la t ion is  only 5%. 
ear re lat ion is  val id  i n  a practical  range. 

chromatographic columns. 

report (ll), a typical commercial column; the other i s  a micro column similar 

t o  that expected t o  be on a Mars Voyager (15). 
appears t o  be a Peclet nmber equal t o  140. 

Even at  a Peclet number of 30 the deviation f r o m  the 

The question now becomss vhether or not  the lh- 
Table I characterizes t w o  typical  

One is  the one used f o r  the results of Sl iva 's  

Note the worst cordition 

mu3 I 
Characteristics of %TO Typical 

Chromatographic Columns 

~ Commercial column Micro column 
0 

Length (cm) 61.0 2.5 
Diameter (cm) 0.46 0.025 
Particle dianeter (cm) 0.0214 0.00265 
Velocity of car r ie r  gas (cm/sec) 15.23 16.92 
Peclet number 2860. 140. 

It appears tha t  the above definit ion of skew is adequate f o r  estimating the 

location of the maximum point, so it is  possible t o  characterize the sp-reading 
of the curve about t h i s .  By use of 0-, the deviation, it is possible 

t o  determine a cer ta in  c.haracteristic distance on the t i m e  axis within which 

a certain percentage of the area w i l l  %e contained. Figure 4 shows the area 

contained within 2 6- spread for Peclet numbers of 30 and 300. It is 
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easi ly  seen that a 2C5 

the t o t a l  area of the curve. Table I1 summarizes the exact fractions of area 
for  various values of the column transport parameters. 
lack of a set pattern i n  the numbers is due t o  the fact that the nmer ica l  

integration that w a s  used t o  detremine the area was not the most accurate 
available. Notice that  i n  the range under consideration at  least 94$ of the 

area is contained inside of the 2Cf 

w i l l  yield a spread that w i l l  characterize almost 
mEwc 

A great deal of the 

spread. 
IIL2X 

TABU I1 
Summary of Area Correlation 

“Ro Re 

30 -02 
.20 
-50 

60 .02 
.20 
-50 

100 .02 
.20 
-50 

4.0 
300 .02 

0 .20 
050 

4.0 
1000 .02 

.20 
-50 

4.0 

. 4.0 

4.0 

Q 

13. XgO 
1.550 

9 775 
323 

9 0320 
1.096 

.548 

.228 

7.210 
* a 9  
.424 
177 

4.160 
.kg0 
.245 . lo2 

2.280 
.268 
234. 
0559 

%.ax 
14.12 
1.650 

.821 
346 

9.620 
1.130 

* 565 
.236 

7.233- 
.850 
.425 
177 

4.190 
493 

.247 

.io3 
2.280 

.268 
L34 
0559 

Area(U. --) max 
. 724 
738 
736 
.p8 
.728 
730 

9 735 
713 

.710 

715 

689 

.690 

.685 

.684 

k e a (  cx> 
.960 
.960 
965 

.985 
* 945 
.940 
.920 
9 930 
-950 
943 
949 

.960 
,942 

. .944 
.948 
.960 
9950 
970 

In summary, it appears that by a knowledge of the system transport 
parameters and only the transform solution of the system equations, it is 

possible t o  determine where the p a k  w i l l  occur and h m  wide the curve w i l l  
be through the use of a moment analysis, a t  least fo r  the equilibrium adsorb- 

t ion  model. 
chromatograms f a i r l y  w e l l ,  the above mment analysis can be used to approximakely 
characterize the chromatograph even though more complicated mathematical models 

may be required t o  represent the process. I n  other words, knowledge of the 

Because the model represents the characterist ics of realistic 



merits w i l l  y ie ld  the q a n  of the geak, the mode or.rmximum of the curve 

(Equation 11 or  Figure 3), and the value of the standard deviation, amax. 
The time within' 2& of the maxjrmUn of the p a k  should encompass at  
least g@ of the chromatogram 

This information is usef'ul f o r  two purposes. It w i l l  allow prelim- 
inasy evaluation of a c01ua.n for the separation of known substances by pro- 

viding eskimates of the degree of overlapping of the component chromatograms. 
The moments are eas i ly  obtained and preliminary evaluation of column pwa- 

meter changes can be made. The second application involves i t s  use i n  the - 

evaluation of more complicated mathematical models f o r  the chromatograph. 

It apgears that a solution i n  the time domain may be obtained by 

use of numerical integration of equations developed by Lapidus and Annmdson 

(8). 
be aided by a knowledge of the moment analysis, for it w i l l  be possible t o  

predict where the p a k  occurs and how much it is  spread. 

The implimentation of t h i s  integration on the computer w i l l  greatly 
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This p a p r  has presented an approach t o  chromtographic system 

It has been implemented on an equilibrium adsorption model. analysis. 

The philosophy of the approach is  somewhat different than prwious work 
done i n  the area because of its "design of column approach" rather than 

analysis of existing column. 

It allows one? t o  determine in  the t i m e  domain the appearance of 

the center of gravity (mean), and the maximum of the peak (mode) merely 
through a knowledge of pralictable system trans-port parameters, and the 

transform solxition of the system epa t ions .  The me.thod a l so  yields a 

characterist ic distance on thz time scale, the variance (urn), which 

the chromatogra;llhic curve. A knowledge of these characterist ics w i l l  
allow a design analysis of the specific separation problems which may 
OCCUT on a M a s  voyage. 

2 

. is a measure of the area, and therefore the amount of sxnple, under 

What has been don%, however, has been a developent of too ls .  
It st i l l  remains t o  relate these tools t o  the non-equilibrium system 

m o d e l ,  whose transform solution and aownts do exist (5,7,8,16). 
%sting w i l l  have t o  be done on actual chromatogrphic curves, as the 
model as of now does not have a t i m e  domain solution. 

Brhaps a more direct  use of the moaents is i n  the development 

of a series solution f o r  the" non-equilibriun model. 
onal polynomials, such as those of Hermite (7 ) ,  or Laguerre, one may 
possibly gemrate a series solution whose coefficients are expressed o n l y ,  

i n  terms of the mornents of the system equations. 

By the use of orthog- 

a 

In asbroader sense, perhaps t h i s  typc of moment analysis can be 

extended t o  the analysis of othe?r distributed processes which have com- 

plicated mthematical models and transfer functions. The development of 

distributed parameter model representations i n  control has been hampered 

by a lack of techniques f o r  eas i ly  obtaining time domain solutions. 

Momnt analysis ray provide a useful too l  f o r  approximation purposes. 



PART V I 1  
N O i W C L A W  

A 

AY 
D 
D 
L 
P 

m 

Ntog 

Pe 

RO- 
,s 
V 

&ax 

- dimensionless v d u e  characterist ic of the totaL mount of 

material injected in to  the coUmn. 

- diff'usional constant, longitudinal. 

- diameter of eolwnn. 
- diameter of particles used i n  bed packing. 

- total. length of column. 

- thermodynamic constant which characterizes the equilibrium 

between sample i n  gaseous phase and adsorbed phase. 

- mass t ransfer  controlling p a r e t e r ,  f'unction of equilibrium 

between spcies  and column length. 

- Peclet number, dimensionless diffbsion constant, 4 L v  

- r a t i o  of moles of gas i n  bed t o  the moles of liquid i n  bed. 

- Laplace transform variable. 

- carrier gas velocity. 

- composition of smple i n  adsorbed phase. 

- transform of y. 

- composition gaseous phase. 

- equilibrium gas composition. 
-, d k n s i o r z k s s  distance down the column. 

- skewness. I 

- thermodynamic par-ter, 
- defined variable, 

- Dirac del ta  flxnction. 

- dimensionless t i m e  

- rean of chromtographic cwve, or  time of appeasance of center 

0 

1 + l/mEto 

of gravity. 

- mode, o r  t i m e  of apgearance of the maximum point of chromatograhic 
curve. 

- second s t a t i s t i c a l  moment about the wan.  
- t h i rd  s t a t i s t i c a l  moment about the mean. 



’a 

‘max 

- standard deviation of curve about the maxi. 
- s%andaxd deviation of the curve about the mode.  
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SOME wimwrIcfi ~ H A R A ~ T E R I ~ T I ~ ~  OF THE EQUILIBRIUM ADSORPTION MODEL 

. i) Transfer f'unction 

ii) Mode Equation: 

iii) Moments about o r ig in  (obtained from der iva t ives  of t r ans fe r  function): 

= A  

= Af3 

2 2 = AS (1 +.z) 
= A @  3 ( l + ~ + - )  6 12 

Pe2 


